A bidirectional mode-locked fiber laser producing two correlated frequency combs of the same repetition rate is demonstrated. The intensity dependence of pulse and phase velocities are measured simultaneously. As expected, the phase delay is determined by the linear and nonlinear indices of refraction. The nonlinear Kerr effect contribution to the pulse velocity is dwarfed by a contribution from saturable gain dynamics.
Introduction
Fiber technology is traditionally used for sensing applications, where a phase shift is measured either in a resonator or through evanescent wave coupling in a tapered fiber. For instance, Sagnac interference in an optical system consisting of a fiber loop with counter-propagating light beams can be used for rotation, temperature, tension, magnetic field sensing [1, 2, 3] and medical applications [4] . Michelson and Fabry-Perot interferometers are also used for temperature sensing [5, 6] . A simple structure based on nonadiabatic tapered optical fiber utilizes the evanescent field of an optical microfiber to enhance the light-biomaterial interaction for biosensing applications [7, 8] .
A considerable increase in sensitivity can be achieved in all phase sensing applications by inserting the element to be measured inside an active laser cavity. In the technique of Intracavity Phase Interferometry (IPI), a mode-locked laser with two intracavity counter-propagating pulses produces two correlated frequency combs without need of stabilization. Interfering these two combs produces a beat note frequency proportional to the phase shift per cavity roundtrip [9] . The bandwidth of the beat note can be as small as 0.2 Hz [10] , even though each comb has a bandwidth larger than 1 MHz, again indicating the correlation between combs. The beat note produced by the interference of the two combs can be expressed as [9] :
where ν is the optical frequency, ∆ϕ is the induced phase shift (to be measured) per cavity round-trip, k av is the averaged k vector over the cavity, ∆P is the difference in optical path length that would correspond to the phase shift, and P is the optical perimeter of the laser. The IPI technique has successfully made measurements of nonlinear index, gas flow, electro-optic coefficients, and rotation [10, 11, 12, 13] . These demonstrations used freespace component lasers which do not lend themselves to field applications. Mode-locked fiber lasers are the most promising media to implement IPI due to their ability to produce ultrashort pulses in a compact design.
There is abundant literature on unidirectional modelocked ring fiber lasers [14, 15, 16, 17, 18, 19] . Stable frequency combs have also been realized with linear lasers [20, 21] . However, achieving colliding pulse modelocking [22, 23] in bidirectional fiber lasers to realize correlated frequency combs is surprisingly challenging. The difficulties stem from the high gain and loss and large nonlinearities of fiber optics. Pulses circulating in opposite directions in a bidirectional laser traverse the optical components in a different order creating an asymmetry in the cavity. This asymmetry, at the worst, leads to the tendency of the two circulating pulses to unlock from crossing in the saturable absorber. This results in having different repetition rates (pulse velocities) and wavelengths (frequencies); a mode of operation totally inadequate for IPI [24, 25, 26] . Remarkably successful implementations of IPI in passively mode-locked bidirectional fiber lasers, as laser gyros, have been demonstrated by Kieu et al [27] , and more recently by Krylov et al [28] . However, a large bias beat note is measured in fiber laser gyros as a result of the asymmetry in phase velocities.
A nearly symmetric design of bidirectional mode-locked fiber laser is presented that has the ability to control the amount of bias beat note (phase velocity) by tuning the pump powers. The phase velocity is determined by the linear and nonlinear refractive indices of the fiber. The measurements confirm the conclusion of prior results obtained with free-space component lasers [29] , that the pulse velocity in the cavity is dominated by gain dynamics and it is not simply equal to dΩ/dk, generally referred to as group velocity, where k is the wave vector and Ω is the optical frequency.
Experimental setup
An all-polarization maintaining bidirectional fiber laser is constructed and shown in Fig. 1 . Passive Mode-locking is achieved by sandwiching carbon nanotubes (CNTs) between two FC/APC fiber connectors [30] creating two correlated counter-propagating frequency combs. The laser cavity elements are arranged as symmetrically as possible with respect to the saturable absorber (SA), to ensure that counter-circulating pulses of near equal intensities are generated. The SA establishes the crossing point of the countercirculating pulses. A tapered fiber covered with CNTs [31] fails to stabilize the crossing point possibly because the taper is longer than the pulse length, resulting in the mutual saturation being applied to only a small fraction of the total absorption. An important contribution to minimize the asymmetries in the cavity is to use two portions of Er-doped fibers pumped through two wavelength division multiplexers (WDM) [ Fig. 1 ]. Using WDMs in reflection helps to protect the saturable absorber from overheating by filtering out the extra power from the pump lasers, which also makes the mode-locking more stable [32] . A 2 by 2 output coupler extracts 10% of the light from either direction. The output pulse trains from clockwise (CW) and counterclockwise (CCW) directions combine through a 50/50 combiner to measure the beat note. As can be seen in the setup, the output coupler is not placed in exactly equal distances from SA, creating some asymmetries which can be compensated by tuning the pump powers of the two gain sections. The near symmetric operation reduces the bias beat note due to creating less differences between phase velocities of the circulating pulses. A minimum bias frequency of 164 kHz could be achieved.
An adjustable delay line ensures temporal overlap of the counter-propagating pulses on the detector. The delay line is made of two collimating lenses with adjustable collimated optical length. 1% of the the output coupler (OC) in either direction is splitted out and monitored for extra measurements such as output power, optical spectrum and pulse train. taining bidirectional fiber laser with minimized asymmetries using two sections of Er-doped fibers; WDM: Wavelength Division Multiplexer, OC: Output Coupler. Saturable absorber is a thin layer of carbon nanotubes between two fiber ferrules which establishes the crossing point of pulses. The other crossing point is located at the opposite side of the ring marked by a cross (×). Placed at that location, OC would cause back scattering that injection locks the two counter-circulating pulses. To avoid the large resulting dead band, OC is moved away from ×. An adjustable delay line images the crossing point × onto the beat note detector.
Experimental and theoretical results

Bias beat note
Colliding pulse mode-locking in a bidirectional ring fiber laser creates two counter-propagating pulses which meet at the same locations established by the saturable absorber at each round trip. The soliton spectra in CW and CCW directions are shown in Fig. 2 (a) with the same central wavelength of 1565 nm for both directions. Each pulse of intensity I circulating in the cavity of perimeter P accumulates a large amount of nonlinear phase ϕ nl along the core of the fiber given by: where n 2 is the nonlinear refractive index of the fiber core, and λ is the operating wavelength. The difference between the accumulated phase in either direction (∆ϕ) per cavity round-trip results in a beat note measured by interfering the frequency combs. The frequency ∆ν of that beat note is found by combining Eqs. (1) and (2):
where n av is the average linear phase index. As can be seen, the beat note frequency is directly proportional to the difference of pulse intensities of ∆I. Thanks to the symmetric design of the laser cavity ( Fig. 1) , each pulse sees the components in the same order starting from the crossing point in the CNT saturable absorber, resulting in a very small difference in accumulated nonlinear phase. One expects to measure a very small bias beat note for a perfectly symmetric cavity. Unfortunately, making a perfect symmetric cavity is not practical as it needs the 2 × 2 output coupler (OC) placed at the crossing point (red × in Fig. 1 ) opposite to the saturable absorber. This introduces a large coupling between the counter-circulating pulses, resulting in a large dead band (mutual injection locking). Therefore, the symmetry had to be broken by locating the 2 × 2 output coupler away from the pulse crossing point (×), as shown in Fig. 1 . The difference in intensity ∆I between countercirculating pulses can be modified by tuning the power of the two pump lasers in Fig. 1 , resulting in a change of beat note indicated by Eq. (3). Figure 2(b) shows the position of the beat note spectrum on the a radio frequency (RF) spectrum analyzer, as the difference between the pump powers is increased. In this figure, the beat note frequency taken from RF spectrum analyzer shows an increase from 1.1 MHz to 3.9 MHz by increasing the asymmetry in the cavity through changes in pump powers. Figure 3 illustrates the power dependence of the beat note (representative of the phase velocity) and the delay adjustment (representative of the pulse velocity) to achieve optimum beat note visibility. The RF bias beat note is plotted in Fig. 3(a) as a function of the difference in pump powers (∆P) applied to the two erbium doped fibers. The difference in pump powers is calculated as ∆P = P cw − P ccw where P cw and P ccw are the pump powers in CW and CCW directions, respectively and P cw > P ccw .
The change of the bias beat note as a function of intensity can be easily calculated from Eq. (3). A simple one to one correspondence between pump power and peak intensity can be established, under the assumption that the laser generates only a single pulse/cavity round-trip, and that the pump power dependence of the pulse duration can be neglected. The measured pulse width of 0.7 ps, repetition rate c/(n av P ) of 37.255 MHz, and fiber core area of 8.659 × 10 −7 cm 2 (corresponding to mode field diameter of 10.5µm) have been used for both pulses, as well as a linear dependence of the intracavity power on the pump power to calculate the intensities in either direction. The nonlinear refractive index of n 2 = 3 × 10 −16 cm 2 /W at a wavelength of λ = 1565 nm is used to calculate the beat note frequency. The calculated power dependence of the bias beat note under these assumptions is plotted as a red line in Fig. 3(a) . A linear fit of the experimental data is shown as dashed line in this figure. The large scatter of the experimental data is a clear indication that the assumptions are not accurate. Indeed, satellite pulses are observed for some values of pump powers proving that the energy of the most intense pulse is less than the ratio of the average power to the repetition rate.
Delay line adjustment
If the pulses circulating in opposite direction experience a different index of refraction, one would also expect a change in position of the second crossing point (red × in Fig. 1) , requiring an adjustment of the detection delay line for maximum beat note visibility. Blue circles in Fig. 3(b) show that indeed, the change in delay depends on the power difference applied to the gain fibers. These data were obtained by adjusting the delay line for maximum contrast in the beat note pattern shown in Fig. 1 at each pump powers setting. It should be noted that the plot refers to changes in the delay line which is placed in the CW direction. Here again, we attribute the apparently scattered pattern of the pump power dependence to the fact that an increase in pump power does not imply a proportional pulse intensity increase. The presence of satellite pulses results in an erroneous estimate of the main pulse intensity.
If the observed changes were solely due to the Kerr effect, the more intense pulse would be delayed by:
where I cw and I ccw are the pulse intensities, each going through the length of fiber from the saturable absorber (crossing point) to the 10% output coupler in clockwise (ℓ cw = 2.856 m) and counter-clockwise (ℓ ccw = 2.566 m) directions, respectively. The dotted red line in Fig. 3(b) and its magnified version in Fig. 3(c) shows the amount of delay between counter-circulating pulses due to the Kerr effect. This delay is considerably smaller than the experimental observation, and of opposite sign. Therefore, it can be concluded that the changes in index do not explain the intensity dependence of the pulse velocity. Instead, the much larger delay observed between two pulses can be explained by the fact that the power dependence of the group velocity in an active laser is dominated by gain dynamics [29, 34] .
Ratio of beat note to displacement
The surprising observation is that the ratio of the beat note to the change in delay follows a linear dependence depicted as black circles in Fig. 3(d) , even though the dependency of the beat note frequency and delay to pump powers are rather scattered. The fact that the bias beat note and the change in delay are so correlated is an indication that both are proportional to the intensity of the two pulses interfering on the detector. The change in delay line is about 370 µm for a 3.1 MHz change in beat note. It should be noted that the theory [black line in Fig. 3(d) , which is the ratio of the theory lines in Fig. 3(a) and Fig. 3(d) ] perfectly fits the experiment. The phase velocity intensity dependence is well explained by the Kerr effect [Eq. (4)]. It is shown below that propagation in a saturated gain medium explains the sign and magnitude of the intensity dependence of the pulse velocity.
Group velocity modification through gain dynamics
Basov et al [33] showed that the velocity of a pulse in a saturable gain medium fits the expression:
where c is the velocity of light in the medium, τ p is the pulse duration, α is the small signal gain coefficient, and γ the loss coefficient (per unit length). We adapt the very simple model of Basov to calculate the asymptotic pulse velocity in our fiber laser. To this effect, circulation of a pulse in a ring fiber laser of perimeter P is replaced by pulse propagation through a distributed amplifier of gain α = α 0 P/P 0 and distributed loss of γ. P is the pump power, equal to P 0 at threshold, where the gain α 0 is calculated from the threshold condition of R exp(α 0 ℓ g ) = 1; R being the total survival factor per round-trip, and ℓ g the length of the erbium doped fiber. The distributed loss γ per unit length is calculated from R = exp(−γP ). For our fiber laser, we have α 0 = 2.5 m −1 and γ = 0.48 m −1 . Modifying the expression from Basov [Eq. (5)], the superluminal pulse velocity in the fiber is given by:
The calculated delay versus pump power difference based on the theory of Basov is plotted as a solid blue line in Fig. 3 (b) which is consistent with the experiment. It should also be mentioned that the zero displacement in the delay line is defined as the position for which the beat note is measured for the minimum difference in pump powers.
Comparison of theory and experiment
The theoretical curves of Figs. 3(a) and (b) are assuming an ideal world where the pulse intensity varies monotonically and proportionally to the pump power. The experimental beat note plotted as a function of the displacement (black dots) is compared to the theory (black line) in Fig. 3(d) . The beat note is proportional to the variation of phase delay in the fiber laser, while the displacement is proportional to the variation of pulse delay. The agreement between theory and experiment in Fig. 3(d) is quite remarkable, considering that there are no adjustable parameters, and given the coarse assumptions (uniform intensity through the fiber and modeling of the ring laser as a uniform amplifier medium). The calculated plot of beat note versus delay adjustment [solid line in Fig. 3(d) ] match exactly the best fit line of the experimental data [dashed black line in Fig. 3(d) ]. It is often claimed that the pulse velocity is given simply by 1/(dk/dΩ) where k is the wave vector and Ω the optical frequency. The measurements presented here clearly demonstrate that this definition applies only to transparent dielectrics. Inside a laser cavity, the pulse velocity differs from this definition by orders of magnitude, as has been shown for free-space component lasers [34] .
